A ring R is left noetherian if and only if the direct sum of injective envelopes of any family of left R-modules is the injective envelope of the direct sum of the given family of modules (or equivalently, if and only if the direct sum of any family of injective left R-modules is also injective). This result of Bass ([2]) led to a series of similar closure questions concerning classes of modules and classes of envelopes and covers (Chase in [4] considers the question of the closure of the class of flat modules with respect to products).
Introduction
In [6] it was proved that every complex X of left R-modules (for any ring R) has an exact cover (see Section 2 for definitions).
As an example consider a minimal injective resolution
of any left R-module M. Then the obvious map of complexes
is an exact cover of M considered as a complex concentrated at 0. From this example and the result of Bass ([2]) we quickly see that in order that the direct sum of exact covers to be an exact cover the ring must be left noetherian. So it seemed natural to conjecture that in fact this always is the case over left noetherian rings.
It is known that the kernel of any exact cover is a DG-injective complex (see below for definitions) and any DG-injective complex is the kernel of an exact precover ( [6] , Theorem 3.18 and Lemma 3.21). So a necessary condition in order that every direct sum of exact covers to be an exact cover is that every direct sum of DG-injective complexes be still DG-injective.
That the class of DG-injective complexes is not, in general, closed under direct sums can be seen from [8] (Example, pp. 68). If l.gl.dim R < ∞ then any complex K of injective left R-modules is DG-injective (see [1] , Proposition 3.4). Consequently, if R is left noetherian and l.gl.dim R < ∞ then for any family (K i ) i∈I of DG-injective complexes we have that ⊕ i∈I K i is DGinjective. We give (Proposition 3) a necessary condition for a left noetherian ring R in order that every direct sum of DG-injective complexes to be DGinjective. We use this result to prove (Theorem 2) that if R is a commutative local Gorenstein ring then the following are equivalent:
(1) every direct sum of DG-injective complexes is DG-injective.
(2) gl.dim R < ∞.
Theorem 3 proves that (1) and (2) are equivalent for any commutative Gorenstein ring R.
Using this result we prove (Theorem 4) that if R is a commutative Gorenstein ring then the following are equivalent:
(1) If E i → X i is an exact cover for any i ∈ I then ⊕ i∈i E i → ⊕ i∈I X i is an exact cover.
We consider then a complete commutative local noetherian ring R such that every direct sum of DG-injective complexes over R is DG-injective. Let . . . → R
−→ M → 0 be a minimal projective resolution of a finitely generated R-module M. Theorem 5 shows that for each l ≥ 1 there is n ≥ 1 such that the entries of the matrix that represents f n are all in m l , for any n ≥ n. Theorem 6 shows that this result is true for any commutative local noetherian ring (R, m, k) with the property that the direct sum of DG-injective complexes is DG-injective. −→ k → 0 is a minimal projective resolution and A n is the matrix that represents f n then, by Theorem 6, for each l ≥ 1 there is n l ≥ 1 such that all entries of A n are in m l , for any n ≥ n l . It is not known if this guarantees that there is n ≥ 1 such that f n = 0 for any n ≥ n, or equivalently gl.dim R = proj dim k < ∞.
As a consequence of Theorem 6 we show that for a commutative local artinian ring R a necessary and sufficient condition in order that every direct sum of DG-injective complexes to be DG-injective is that gl.dim R < ∞. Theorem 7 shows that the result holds for any commutative artinian ring R. We use Theorem 7 to prove that if R is commutative artinian then any direct sum of exact covers of complexes of R-modules is still an exact cover if and only if gl.dim R < ∞ (Theorem 8).
Preliminaries
Let R be any ring.
A chain complex of the form C = . .
We note that a cochain complex is simply a chain complex with C i replaced by C −i and ∂ i by ∂ −i . Throughout the paper we use both the subscript notation for complexes and the superscript notation.
When we use superscripts for a complex we will use subscripts to distinguish complexes, for example (K i ) i∈I is a family of complexes and K n i denotes the degree n term of the complex K i .
If X and Y are both complexes of left R-modules then Hom(X, Y ) denotes the complex with Hom(X, Y ) n = q=p+n Hom R (X p , Y q ) and with differential given by 
is injective, where C n is the nth cosyzygy of some module C. Each K n is a bounded below complex of injective modules, so K n is DGinjective for any n ≥ 0.
We show first that the inclusion map
We have that
But each K n has at most one non-zero homology module and this is in the nth position. So we see that for each l
Hence we see that
is a quasi-isomorphism.
• We show now that a necessary condition for ⊕ ∞ n=0 K n to be DG-injective is that
is an injective module, where C n is the nth cosyzygy of C.
Since E is exact and DG-injective it follows ([6] Proposition 3.7) that E is an injective complex.
We use the notation
We have
The complex E is injective, so Ker g n is an injective R-module for any n ∈ Z ( [8] , Theorem 3.1.3). In particular Ker g 0 is injective.
Let y = (y n ) n≥0 with
By (1) and (2) we have:
Another useful result is the following.
Lemma 3. Let (R, m, k) be a commutative local noetherian ring and let
A be an artinian module. If 0 → A → E 0 → E 1 → E 2 → . .
. is a minimal injective resolution of A then each E n is a finite direct sum of copies of E(k).
Proof. Since A is artinian, we have
n is a finite direct sum of copies of E(k), for any n ≥ 0.
Using Lemma 3 we can prove the following result.
K n is injective if and only if for every homomorphism
Since ψ i is an injection and E(k) is an injective module there exists
Direct sums of exact covers over commutative Gorenstein rings
We prove in this section that the class of DG-injective complexes over a commutative Gorenstein ring R is closed under direct sums if and only if gl.dim R < ∞. Using this result we prove that if R is a commutative Gorenstein ring then every direct sum of exact covers is an exact cover if and only if gl.dim R < ∞.
We start with the following result. Let
We know (Proposition 3) that if every direct sum of DG-injective complexes is DG-injective then
is an injective module where C n is the nth cosyzygy of some module C.
R is a Gorenstein ring, so Gor inj dim k = d < ∞. Then K n is a Gorenstein injective module for any n ≥ d ( [5] , Proposition 11.2.5 and Theorem 10.1.4).
Let
Since M is an injective module and j is an injection there is
Hence gl.dim R < ∞.
(2) ⇒ (1) Since gl.dim R < ∞ it follows that a complex J is DG-injective if and only if each J n is an injective module. Let (J i ) i∈I be a family of DG-injective complexes. Since R is noetherian and J n i is injective ∀i ∈ I it follows that ⊕ i∈I J n i is injective. So ⊕ i∈I J i is a DG-injective complex.
In order to prove that the conditions (1) and (2) from Theorem 2 are in fact equivalent for any commutative Gorenstein ring we use the following well known result.
Lemma 5. Let R be a commutative noetherian ring and let S ⊂ R be a multiplicative set (0 / ∈ S). If E is an S −1 R module then E is an injective S −1 R-module if and only if E is an injective R-module.

Theorem 3. Let R be a commutative Gorenstein ring. The following are equivalent:
(1) Every direct sum of DG-injective complexes is DG-injective.
Proof. (1) ⇒ (2) We prove first that if every direct sum of DG-injectives is DG-injective then gl.dim R p < ∞ for any p ∈ Spec R.
Suppose there is p ∈ Spec R such that gl.dim R p = ∞. R p is a local ring with maximal ideal pR p and residue field R p /pR p which is denoted k(p). Since R is a Gorenstein ring it follows that R p is also a Gorenstein ring ( [5] , Remark 2.3.8, and [3] Corollary 2.3).
Since proj dim R p k(p) = gl.dim R p = ∞ and R p is Gorenstein, it follows that inj dim R p k(p) = ∞ (by [5] , Proposition 9.1.7).
Each E i p is an injective R p -module, therefore an injective R-module (Lemma 5). So each of the complexes: 
Since M p is an R p -module which is injective as an R-module it follows (by Lemma 5) that M p is an injective R p -module. K n p is not injective for any n ≥ 0. So for each n ≥ 0 there is
Since R p is a local ring and gl.dim R p < ∞ it follows that gl.dim R p = Krull dim R p ([11] , Theorem 4.4.16). By [3] , Corollary 3.
Let inj dim R R = n < ∞. By [3] , Corollary 2.3, we have
By (3) and (4), gl.dim R p ≤ n, ∀p ∈ Spec R. By [7] , Theorem 9.52, gl.dim R = sup gl.dim R m when m ranges over all maximal ideals in R.
Hence gl.dim R ≤ n.
(2) ⇒ (1) Since gl.dim R < ∞ it follows that a complex J is DG-injective if and only if each J n is an injective module. Let (J i ) i∈I be a family of DG-injective complexes. Since R is noetherian and J n i is injective ∀i ∈ I it follows that ⊕ i∈I J n i is injective. So ⊕ i∈I J i is a DG-injective complex. By hypothesis ⊕ i∈I E i → ⊕ i∈I K i [1] is an exact cover.
and ⊕ i∈I K i DG-injective. Since the class of DG-injective complexes is closed under taking finite direct sums ( [6] , pp. 27) it follows that ⊕ i∈I J i is DGinjective.
Since R is commutative Gorenstein and every direct sum of DG-injective complexes is DG-injective, it follows that gl.dim R < ∞ (by Theorem 3).
Since gl.dim R < ∞ it follows that ⊕ i∈I T i is DG-injective.
, Exercise 11, pp. 75). Hence ⊕ i∈I T i is minimal DG-injective. Since ⊕ i∈I E i → ⊕ i∈I X i is surjective, ⊕ i∈I E i is exact and Ker(⊕ i∈I E i → ⊕ i∈I X i ) is minimal DG-injective it follows that ⊕ i∈I E i → ⊕ i∈I X i is an exact cover (by Theorem 1).
Minimal projective resolutions of finitely generated modules over local noetherian rings
We consider a complete commutative local noetherian ring R with the property that every direct sum of DG-injective complexes of R-modules is DG-injective. R is local, so every finitely generated R-module has a minimal projective
−→ M → 0 be a minimal projective resolution of a finitely generated R-module M. We show (Theorem 5) that for each l ≥ 1 there is n ≥ 1 such that the entries of the matrix that represents f n are all in m l , for any n ≥ n.
Theorem 6 proves that the result is true for any commutative local noetherian ring R with the property that the direct sum of DG-injective complexes is DGinjective.
Our first result in this section is the following.
s is an injective envelope over R and m n k s = 0 it follows that the injective envelope of Let f 1 , . . . , f s ∈ Hom(k, K), f 1 (x) = (x, 0, . . . , 0), . . . , f s (x) =  (0, 0, . . . , x) . By hypothesis there is σ j ∈ Hom R (E n , K) that extends (y 1 , . . . , y s ) = σ 1 (y 1 ) + · · · + σ s (y s ).  If y = (y 1 , . . . , y s ) n -modules. Since their structure of R/m n -modules is given by (r +m n )x = r ·x, for any r +m n ∈ R/m n , it follows that σ (E
We use Lemma 6 to prove the following result. 
. is a minimal injective resolution of an artinian R-module A, then there is n
Proof. Since A is an artinian module, we have E n = E(k) β n , for some β n ≥ 1 (Lemma 3).
l has finite length, it follows that Hom(R/m l , E(k)) has finite length ( [5] , Theorem 3.4.1). So E l Hom(R/m l , E(k)) is of finite length. By [5] , Theorem 2.3.17, E l is noetherian, hence finitely generated.
Let K n = Ker(E n → E n+1 ) for any n ≥ 0. We prove that there is d 0 ≥ 0 such that any linear map k → K d can be extended to a linear map
Suppose no d 0 ≥ 0 has this property. Then for any j ≥ 0 there is
Each of the complexes 
Thus F is an injective complex ( [6] , Proposition 3.7) and therefore Ker(F n → F n+1 ) is an injective R-module for any n ∈ Z. In particular,
Since M is injective there is g ∈ Hom(E l , M) that extends f . Since E l is finitely generated and ⊕ ∞ j =0 K d j is a pure submodule of
Let j ≥ 0 be such that x d j = y d j and let π d j :
By [5] , Corollary 3.1.21, we have Soc
We can prove now the following. Proof. Since E(k) is injective and the complex . . . 1 ) + · · · + a 1β n θ(e β n β n ) = 0 ⇔ a 11 y = 0. Since a 11 ∈ Ann y, for any y ∈ E l we have a 11 ∈ Ann E l = m l . Similarly a ij ∈ m l for any i ∈ {1, . . . , β n+1 }, and for any j ∈ {1, . . . , β n }, for any n ≥ n 0 .
Theorem 6 shows that we can drop the completeness as part of the hypothesis of Theorem 5.
The proof of Theorem 6 uses the following. 
